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1. INTRODUCTION
In this paper we study laminations by surfaces of three-dimensional manifolds and some of
their properties. These are very interesting objects, particularly useful in understanding the
topology of the manifold which has no incompressible surface. Gabai and Oertel have
shown in [9] that many familiar properties of sufficiently large three manifolds continue to
hold in the more general setting of ‘laminated’ manifolds.
A lamination of a three manifold has associated with it certain transverse structure,
roughly the action of the fundamental group of the ambient manifold on the space of leaves
of the lamination lifted to the universal cover. This space of leaves can be improved to a tree-
like object [9, 17]. In a few words, one starts with a lamination of M, having nowhere dense
support (and some other properties to be made precise later), and passes to the universal
cover and a tree is constructed by taking one point for each gap or non-boundary leaf of the
lamination. The action of the fundamental group of M permutes the leaves and the gaps of
the lamination, so it induces an action on the tree.
If the lamination has an invariant transverse measure, as is the case of laminations of
surfaces, the tree has a metric which is left invariant by the action of the fundamental group
of the ambient manifold. We may say that the lamination has a transverse isometric
structure. There has been much work done concerning these type of actions. However, when
considering laminations by surfaces in three manifolds, the existence of an invariant
measure is a strong restriction both on the lamination and on the three manifold. For
example, an essential lamination in the sense of [9] in a tiny (i.e. non-sufficiently large) three
manifold has no invariant transverse measure. Even if we are able to associate a tree
supporting an action of the fundamental group of the manifold, the absence of invariant
transverse measure means that the tree has no preferred metric and the action cannot be by
isometries with respect to any metric we put on it. It seems then natural to try to put
geometric structures on the tree which are preserved by the action.
There are several types of structures one can put on a tree which are preserved by an
action of a group; we briefly discuss them in the next two sections. One way of doing this
is by thinking that isometric structures on a tree are related to the continuous group
of translations of the real line. Therefore, we may consider the other two familiar
continuous groups which act on the line, the affine group and the group of homographic
transformations.
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The affine group naturally appears in laminations of three manifolds obtained by
suspension of pseudo-Anosov homeomorphisms of surfaces, while the group of homo-
graphies is found in manifolds which are circle bundles over surfaces. But in general, these
types of actions are still very restrictive for applications to three manifolds. For instance, the
existence of an affine action implies that the manifold is sufficiently large. Furthermore,
either type of structure is rarely invariant by Dehn surgery.
The correct type of structure generalizing the action by isometries comes naturally when
considering the question of giving sufficient conditions on a branched surface so that it
carries a lamination (asked by Gabai and Oertel in [9] ). The case of existence of measured
lamination has a complete answer in terms of the singular homology of the branched
surface. These homological conditions can be generalized by considering similar ones in
homology groups with local coefficients on the branched surface. Not only they guarantee
that the branch surface carries a lamination, but also that the latter comes equipped with
a transverse measure which is almost invariant in the sense that each transformation of the
holonomy pseudogroup of the lamination multiplies it by a constant factor (in a sense to be
made precise later). We call this type of measures projective transverse measures.
All this is discussed in Sections 4—6, as well as other structural properties of laminations
with projective measure. One of them is the resemblance of these laminations with minimal
sets of smooth codimension one foliations. Other is that the multipliers of the transverse
measure come from a representation of the fundamental group of an essential branched
surface carrying the lamination. One cannot expect this representation to extend to one of
the fundamental group of the ambient manifold. In any case, there is, associated to
a lamination with a projective transverse measure, a dual cohomology class (in dimension
one) of the ambient manifold with coefficients usually in a finite group.
After this we discuss pure laminations, an improved version of essential laminations.
Their fundamental property is that their associated tree like object is a real tree. Moreover,
if the lamination has a projective transverse measure, then this tree has a piecewise linear
structure which is preserved by the action of the fundamental group of the ambient
manifold, and conversely.
In the last section we study properties of the fundamental group of laminated three
manifolds. They are exponential growth and existence of non commutative free subgroups.
We conclude this introduction with a few words about related work. In trying to
generalize actions by isometries one notices that transversely affine foliations form the first
step beyond transversally isometric ones. Moreover, a particular example of a lamination
(occurring as a minimal set of a foliations) with the type of transverse measure considered
here appears at the end of Dippolito’s paper [4] (which comprises previous examples of
Sacksteder and of Hirsch). Related examples are in Inaba’s [14]. Independently, Oertel [20]
has also developed the notion of affine measures for laminations (here called projective). His
paper has some interesting examples.
2. GEOMETRIC STRUCTURES ON TREES
A real tree (or R-tree for short) is a metric space („, d) such that:
f For any pair of points x, y in „ there is a segment with endpoints x and y. (A segment in
the metric space („, d) is a subset of „ isometric to some interval in R.)
f The intersection of two segments in „ with at least a point in common is a segment.
f The union of two segments of „ whose intersection is a single point which is an
endpoint of each is a segment.
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Since we are not so much interested in the metric properties of a tree, it is convenient to
recall the following characterization of trees proved in [15]. A (real) tree is a separable
metrizable space which is locally arc wise connected and uniquely arc wise connected. In
other words, a tree is a separable metrizable space with the property that for any pair of
points in it there is a unique segment joining them.
Given a tree with metric („, d) we have the group of isometries of „, that is homeomor-
phisms of „ that preserve d, and we have the group of affine transformations of „, that is
homeomorphisms g of „ which preserve the metric up to a factor
d(gx, gy)"j (g) d(x, y)
for all x, y in „, j (g) some positive real number, called the stretch of g. Evidently, the notion
of affine action can be extended to "-trees.
We denote by I („ ) the group of isometries and by A („ ) the group of affine homeomor-
phisms. Clearly I(„ )LA („ ), and is a normal subgroup.
Observe that the stretch factor map induces a homomorphism j from A(„ ) to the
multiplicative group of positive real numbers R
*
. Furthermore, I(„ )"Ker(j) , so that we
may think of A(„ ) /I („ ) as a subgroup of R
*
. In particular, it is commutative.
An affine homeomorphism g of „ with j(g)O1 has at most one fixed point on „, for if
x and y are both fixed by g, then d (x, y)"d(gx, gy)"j (g) d(x, y) so that j (g)"1.
We have an exact sequence of groups
1PI(„ )PA („ )PA(„ )/I(„ )P1
so that if g
1
, g
2
are affine transformations with the same stretch factor, they differ by an
isometry: g
1 °
g~1
2
3I(„ ) .
We briefly recall the classification of isometries of an R-tree. More details can be found,
among other places, in [3].
f The isometry h has a fixed point. The fixed point set F
h
of h is a subtree.
f There is an axis for h. That is, there is an isometry from R into „ whose image is
invariant by h and on which h acts as a translation by a positive amount q(h) .
The hyperbolic length (or simply length) l (h) of an element h of I(„ ) is 0 in the first case
and q(h) in the second.
Let ! be a finitely presented group and ' :!PA(„ ) a representation. The composition
log(j) °' defines an element of Hom (!, R). The commutator subgroup [!, !] has image
contained in I(„ ).
As we show in the section of examples, it follows from Thurston’s theory of pseudo-
Anosov homeomorphisms of surfaces that the fundamental group of a three-manifold that
fibers over the circle with pseudo-Anosov monodromy acts affinely on a tree.
A theorem of Gaboriau—Levitt—Paulin [10], extending Rips’, asserts that if G is a finitely
generated group acting by isometries on a tree, and if G
e
is the normal subgroup generated
by all elements acting with a fixed point, then G/G
e
is a free product of free commutative
groups and surface groups.
An application of this theorem to a group ! acting affinely on a tree is the following
PROPOSITION 1. If ! acts affinely and hyperbolically on a real tree, and if the subgroup of
translation elements is finitely generated, then ! is an extension of a free product of surface
groups and free commutative groups.
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It would be interesting to know whether every hyperbolic three-manifold group has
a finite index subgroup which acts affinely (and faithfully) on a real tree.
One can define other types of structures on real trees by means of global properties of
the action with respect to the metric, resembling those of the other continuous groups acting
on the real line. Apart from the affine group there is the group of homographies, and here we
have two possibilities.
In the first one, we say that a homeomorphism g of a metric „ is an affine homography if
it preserves the reduced cross-ratio
[x
1
, x
2
, x
3
]"d(x1, x2)
d(x
1
, x
3
)
of every three different points x
1
, x
2
, x
3
of „.
The other possibility is to define the cross-ratio of four different points x
1
, x
2
, x
3
and
x
4
of „ by
[x
1
, x
2
, x
3
, x
4
]"d (x1, x2) d (x3, x4)
d (x
1
, x
3
) d (x
2
, x
4
)
.
A homeomorphism of „ is a homography if it preserves the cross-ratio of any four distinct
points of „. These homomorphisms form a group which we call P(„ ). Clearly
A(„ )LP(„ ).
These affine and projective actions deserve a more careful discussion, which would take
us far from essential laminations and three-manifolds. We will take it up on another
occasion.
Another reason is that these type of actions, being defined globally, are very sensitive to
surgery and deformations of the ambient manifold. For example, let „ be the tree
M(x, y);xy"0NLR2. The action of Z on „ defined by: x>2x, y>3y is affine on the arcs
x"0 and y"0, but it is only piecewise linear on the arc Mx*0, y*0N. For a tree coming
from a lamination the phenomenon illustrated by this example corresponds to the existence
of a gap whose boundary leaves have different holonomy. Examples of this type can be
constructed by performing Dehn surgery on an appropriate laminated manifold.
The other approach to geometric structures on real trees is based on the local approach
to geometry. Let G denote a pseudogroup of local homeomorphisms of the real line.
A G-structure on a real tree „ is given by a maximal family of arcs ha : IaP„ whose
images cover „ and such that the transition functions h~1b ha coincide with the restriction of
an element of G, whenever the composition is defined.
A homeomorphism h :„P„ is aG-homeomorphism if for any two charts h
1
, h
2
belong-
ing to the projective structure of „, the composition h~1
1
hh
2
agrees with an element of G,
whenever defined.
Later it will be clear that the kind of structure on a tree better suited to the examples of
laminations that we will encounter in three manifolds is that of piecewise linear (P‚, for
short) structure. This means that the tree has an atlas (that is, a covering by arcs) and the
coordinate changes of this atlas agree with the restriction of a piecewise linear homeomor-
phism of the real line (whenever defined). A P‚-homeomorphism of a P‚-tree is
a homomorphism that preserves this P‚-structure.
3. EXAMPLES
1. Let M be a closed manifold with a transversely affine or homographic foliationF of
codimension one. To simplify, assume there is a closed loop in M which is transverse to the
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foliation and such that one of its lifts to the universal cover MI meets every leaf of the lifted
foliation. Then the leaf quotient space of the universal cover may be identified with a line.
This line carries a natural projective structure and the fundamental group n
1
(M) acts on it
by affine maps or by homographies.
2. Perhaps the simplest example to visualize is that of a suspension of a surface
diffeomorphism. For example, take an Anosov diffeomorphism of the torus, like the linear
one given by the matrix
A"A
2 1
1 1B.
In this case the lamination may be taken to be the one induced by lines on the plane parallel
to one of the eigenvectors of A. The tree corresponds to the subspace spanned by the other
eigenvector. The action of f on this line is an affine expansion.
3. Later we will look at a generalization of transverse invariant measures. There is also
another generalization, namely the harmonic measures of Garnett [11]. Sometimes har-
monic measures coincide with projective ones, but that is not the general case. We relate the
example above to harmonic measures. The matrix A defines a diffeomorphism of
the two-dimensional torus R (the quotient of the plane by unit translations parallel to the
standard axis). Let M be the three manifold obtained by suspension of A, that is
M"R][0, 1]/(x, 0)\(Ax, 1).
The manifold M has a transversely affine foliation induced from the foliation by lines
parallel to one of the eigenvectors of A by suspension. The tree associated to this lamination
may be identified with the eigenspace of the other eigenvector, so it is naturally a line. The
action of n
1
(M) is as follows. We have a presentation
n
1
(M)"Sa, b, t D ab"ba, at"ta2b, bt"tabT
and a representation
o : n
1
(M)PAff (R)
where o (a) and o(b) are translations and o (t) (x)"jx.
Let v, w be the two eigenvectors of A with corresponding eigenvalues j’1 and k"1/j.
The foliation of M is covered by the foliation of R2]R whose leaves are planes parallel to
M(0, sv, t); s3RN. The function h (x, y, t)"jt is harmonic along the leaves and it combines
with Lebesgue measure on the transversal spanned by w to produce a harmonic measure for
the foliation of M.
This example is like the first one above. The homomorphism
n
1
(M)PR
takes the subgroup generated by t isomorphically to the subgroup (log j) Z of R, and
describes n
1
(M) as an extension of Z#Z by Z.
4. A similar construction can be made in the case of pseudo-Anosov diffeomorphisms of
higher genus surfaces. Let f : &P& be a pseudo-Anosov homeomorphism of a compact
surface. Then there is a measured laminationL in & which is set wise preserved by f, and if
m is the transverse measure of L then f *m"jm for some j’1. Let M be the three-
manifold obtained by suspension of f. Then M carries a surface lamination (the suspension
ofL), which is an essential lamination in the sense of Gabai and Oertel. This lamination has
no invariant transverse measure. We associate a tree toL and two actions on it. One is that
of the fundamental group of &, which is an action by isometries. The other is an action
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Fig. 1. Branched surface and interval bundle.
induced by f, which is an action by affine transformations (locally of the form x>jx). These
two actions combine to give an action of the fundamental group, as in the case of the
Anosov diffeomorphism of the torus.
4. LAMINATIONS AND BRANCHED SURFACES
In this section we briefly recall the essentials of the theory of branched surfaces. More
details can be found in the articles of Morgan—Shalen [17] and Gabai—Oertel [9].
A laminationL in a three manifold M is a closed subset of M covered by open subsets
” of M, called flow boxes, which have a product structure »"D]I, D a disc in the plane
and I an open interval and such that LW” is of the form D]„, where „ is a compact
subset of I.
The plaques of the lamination in the flow box ”"D]I are the slices D]MtN, with t in
„. The complementary regions or gaps of L in ” can be identified with the set of
components of IC„. There is a local order (up to sign) on the set of local gaps induced by
that of the interval I.
A path in a flow box is transverse toL if it is transverse to each local leaf. This definition
still includes paths we do not want to consider. We say that the path a : JP» is efficient if
the composition with the projection »PI is an embedding.
The concept of holonomy for a lamination is defined as for foliations. Given a path on
a leaf l between two points x, y in it, we choose transverse efficient paths I
x
and
I
y
containing those points in their interior. Then sliding along plaques and gaps defines
a local homeomorphism h : I
x
W„
x
PI
y
W„
y
, which takes x to y, preserves the local order of
the complementary regions (up to sign) where it is defined, and whose germ at x depends
only on the homotopy class of a in l relative to the endpoints x and y.
In particular, if x"y and I
x
"I
y
, this description defines the germinal holonomy
homomorphism of l at x, which is a representation of n
1
(l, x) into the group of homeomor-
phisms of the space of plaques near x. This is well defined up to conjugacy resulting from
a change of the flow box, etc.
Since sliding along the plaques also preserves the gaps, we could also define holonomy
for complementary regions.
A lamination L in M is transversely orientable if there is a neighborhood N of L in
M and a nonsingular vector field on N transverse to L. Note that, unlike foliations, one
may not assume that a lamination is transversely orientable by passing to a finite cover of
the ambient manifold M.
A very useful object in the study of laminations is that of branched surface. This is
a compact space locally modeled by charts of the form described in Fig. 1(a).
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Fig. 2.
Given a branched surface B embedded in a three manifold M, we denote with N (B)
a regular neighborhood of it, locally modeled in the picture of Fig. 1(b). It can be given the
structure of an interval bundle over B, and we denote by q : N(B)PB the projection that
collapses interval fibers to points.
Given a laminationL in M, an appropriate neighborhood ofL has the structure of an
interval bundle over some branched surface B. We then say that L is carried by B.
A branch decomposition of B is a filtration by closed subsets PLCLB such that:
f BCC is a smooth surface.
f CCP is a smooth 1-manifold.
f P is a 0-manifold.
There is always a coarse branch decomposition: C is the set of non-manifold points of
B and P the non-manifold points of C.
Sometimes it will be more convenient to refine a given branch decomposition, but we
assume the coarse branch decomposition unless otherwise stated. A branch of a branch
decomposition is a component of BCC.
5. INVARIANT MEASURES FOR LAMINATIONS
Let B be a branched surface, and letB be the set of branches of a branch decomposition.
An invariant measure k on B is a collection of positive numbers w (b)*0 associated to the
branches and which satisfy the branch equations associated to the branch set of B.
The equations are as follows: If b and b@ are two branches of B and the local picture is
like Fig. 2(a), then w (b)"w(b@) , and if the branches b
0
, b
1
and b
2
are like in Figure 2(b), then
w(b
0
)"w(b
1
)#w(b
2
) .
These equations suggest that we may interpret a transverse measure as an homology
class as follows. We can consider B as a two-complex with an orientation given by a definite
choice of local models for B as in the previous section.
As usual, this naturally defines a representation
n
1
(B)PZ
2
and we may consider cohomology on B with real coefficients twisted according to this
representation. (In the next section we will recall the definition of homology with twisted
coefficients.) That B is orientable means that we can make a choice of local models so that
the orientation representation above is trivial.
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Then a formal sum +w (b))b defines a measure if and only if w(b)*0 and L(+w (b))b)"0.
If we unravel the cycle condition, we obtain the branch equations mentioned in the previous
paragraph. That is, invariant measures correspond to elements of the homology group
H
2
(B; R[Z
2
]) which can be represented by non-negative chains.
THEOREM 1. ‚et B be a branched surface in a three manifold. „hen B carries measured
laminations if and only if H
2
(B;R[Z
2
]) has a positive element.
For the necessary condition we observe that if B carries a measured lamination, then it
also carries a compact surface S. Then projection along the fibers of the I-bundle N (B)
induces a non-trivial homomorphism H
2
(S;R[Z
2
])PH
2
(B;R[Z
2
]), and the first group has
positive elements.
Alternatively, in this case, we may pass to a covering of a neighborhood of the branched
surface so that objects become transversely orientable and consider measures there which
are invariant by the covering transformations. They always exist, for if j is the involution of
the cover and k is any measure on it, then k#j
*
k is involution invariant.
This theorem would be part of a more general class of transverse measures one may
associate to laminations. This will be done in the next section.
To conclude this section, we would like to mention an existence theorem for invariant
measures related to the dynamics of the lamination. It is a consequence of the following
theorem of Sacksteder [24], and of arguments similar to his.
THEOREM 2 (Sacksteder [24]). Suppose that G is a pseudogroup of local homeomorphisms
of a compact space X. If G is equicontinuous at x3X, then there is a positive measure
invariant by G with support contained in the closure of the orbit of x.
We recall that equicontinuity of G at x in X means the following: in terms of a uniform
structure induced by a metric on X, for any e’0 there is d’0 such that if g3G is such that
its domain contains B(x, d) , then gB(x, d)LB (g(x), e).
Consider now a lamination L of a three manifold M. For the purposes of proving the
existence of an invariant transverse measure, there will be no loss of generality if we assume
that the lamination is transversely oriented, that it is minimal and that, transversely, it is
a nowhere dense perfect set. Under this conditions we have:
THEOREM 3. If the lamination L has no holonomy, then it has an invariant transverse
measure.
For the proof of the theorem, the compact metric space will be a minimal closed subset
of one of the fibers of the interval bundle. There is also no loss of generality by assuming the
holonomy elements are orientation-preserving. Indeed this means that the lamination is
transversely orientable. Indeed, if this was not the case, then we can take a neighborhood of
the lamination which has a double cover and such that the pull-back lamination is
transversely orientable. If k is an invariant transverse measure for the pull-back lamination,
then the measure k#j
*
k is invariant under the covering involution j.
So let G be the holonomy pseudogroup of the lamination acting on the compact
transversal X toL. IfL has no holonomy, then any element of G which fixes a point must
be the identity.
Since X is a compact subset of a finite union of intervals, it has a natural order structure,
and the transverse orientability implies that the elements of G preserve that order. Hence
they also acts on the complementary gaps.
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Let x
0
3X. Suppose that G is not equicontinuous at x
0
. Then, by definition, there is
e’0 and a sequence Mg
n
N of elements of G such that g
n
B (x
0
, 1/n) contains a point y
n
at
distance greater than e from x
n
"g
n
(x
0
) . Passing to subsequences if necessary we may
assume that y
n
converges to y and x
n
to x. This pair x, y determines an interval in X, which
by minimality contains a closed subset of X. Let g be a pseudogroup element defined in
a small neighborhood B(x
0
, s) and such that g (B(x
0
, s)) is contained in the interval deter-
mined by x and y. Then for large n, the image gB(x
0
, s) is contained in the segment of
X determined by x
n
and y
n
, and contains a non-empty closed subset of X (because X has no
isolated points). Consider now g~1
n
g. It maps B (x
0
, s) into B(x
0
, 1/n). Thus, it must have
a fixed point in X. (The other possibility is that it fixes a gap, but since we have assumed the
lamination is transversely orientable, it would fix the endpoints of the gap, which are also
elements of X.) Hence g
n
"g for n large enough, which is a contradiction.
6. PROJECTIVE MEASURES FOR LAMINATIONS
Besides the harmonic measures of [11], other, more general, concepts of transverse
measures for a lamination have been considered [23]. The projective measures that we will
consider here fit in the scheme of [23] because they have the property that their Ra-
don—Nikodym cocycle is locally constant. Laminations always have harmonic measures,
and sometimes the corresponding Radon-Nikodym derivative is transversely locally con-
stant, as some of the examples we have exhibited show. In general this is not the case, simply
because the property of being harmonic depends on the complex structure of the leaves.
Let L be a lamination, not necessarily embedded in a three manifold. A transverse
measure forL such that the Radon-Nykodim derivative cocycle is locally constant is called
a projective measure. That is, the cocycle defines an element of the Cech cohomology group
H1(L;R).
WhenL is a codimension one lamination of a closed three manifold M, these measures
can be described as follows. Let L be carried by a branched surface B with associated
interval bundle N(B) . We take a branch decomposition of B so that each branch is simply
connected. For each branch b of B, let I
b
be an interval which we identify to a fiber of N (B)
over some point in the interior of b.
A projective measure m for L (associated to B) is a family Mm
b
N of finite positive Borel
measures on the intervals I
b
, with each m
b
having support in LWI
b
, and such that the
following cocycle condition holds. There are positive constants Mj
b
N such that if c3C is like
in Fig. 2(a) then we have a lamination-preserving homeomorphism h
c
: I
b{
PI
b
which
satisfies
h
c
m
b{
"j
b
m
b
,
and if c is like in Fig. 2(b) then the lamination induces a homeomorphism h
c
: I
bÇ
XI
bÈ
PJ
bÒ(the complement of an open interval in I
bÒ
), and the measures satisfy
j
bÇ
h
c
m
1
#j
bÈ
h
c
m
2
"m
bÒ
Thus, to each branch b of B we can associate its weight w(b) with respect to m, and
similar to the case of invariant measures, this collection of weights satisfies a system of
projective equations.
As we mentioned above, transverse measures for B are determined by positive elements
of H
2
(B;R). In this section we give a similar interpretation of projective measures. This
interpretation is in terms of homology with coefficients on a line bundle over a branched
surface. It turns out that the invariant transverse measures are projective measures corres-
ponding to the trivial bundle.
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A local system on B is a representation ' : n
1
BPAut
`
(R)"R
*
of the fundamental
group of B into the group of orientation preserving automorphisms of R. This is equivalent
to a representation of the fundamental groupoid of B and also to a projective real line
bundle over B, which explains the name projective measures. The equivalence of these
definitions, and the basics of systems of local coefficients, are clearly explained in [26].
Given a local system ' on B we can twist it with the representation given by a choice of
orientation for B as in the previous section, and consider the homology groups of B with
coefficients on this new local system, which we call ' also, denoted by H
*
(B; ') . We will
prove that a positive element of H
2
(B; ') defines a lamination carried by B together with
a projective transverse measure on it.
We shall take a moment to recall how the cohomology with coefficients on a local
system is defined. We do this in order to use the special simplicial structure a branched
surface has. We choose a point x (b) in the interior of each branch of B (we assume branches
are simply connected so that the decomposition gives B the structure of a cell-complex), and
a point x (p) in the interior of each one-dimensional branch. If p is in the boundary of b we
fix a path from x (b) to x (p) lying completely in b. Interpreting the local system as
a homomorphism from the fundamental groupoid of B to the reals, we put a copy of R on
each x (b) , x (p) and fix representative automorphisms h
bp :Rx(b)PRx(p) given by '.
A two-chain for the local system ' on B is a formal sum
+w(b))b
with coefficients w(b) in R. The boundary operator is defined as
LA+w(b) ) bB"+[b : p] hbp (w(b)) )p.
where [b : p] denotes the incidence number of b and p (it may be 0, 1 or !1). Then H
2
(B, ')
is the space of closed two chains. Needless to say, the homology does not depend on the
branch decomposition chosen.
In the proof of the following theorem we will use the next lemma and its corollary which
are taken from Morgan—Shalen’s paper [17]. We also need the following pieces of terminol-
ogy. Let m be a finite Borel measure on an oriented arc I with left endpoint a and right
endpoint b. If S denotes the support of the measure m, then ICS is a countable union of open
intervals. To each component c of ICS associate the number
g(c)"P
r(c)
a
m
where r (c) is any point of c (the value g (c) does not depend on the point r(c)). The numbers
g(c) form a countable set G, called the gap set of m. If S is totally disconnected and m is
non-atomic, then the gap set is dense in [0, :b
a
m].
LEMMA 1. ‚et GL[0, l] be a countable dense subset, l’0. If I is an oriented arc, then
there is a non-atomic finite Borel measure on I whose support is a Cantor set in the interior of
I and whose gap set is G. If m and m@ are two such measures I and I@ both with gap set G, then
there is an orientation preserving homomorphism h : IPI@ carrying m to m@.
COROLLARY 1. ‚et H be a countable dense subgroup of R. Suppose G"[0, l]WH and
G@"[0, l@]WH and that m and m@ are non-atomic finite Borel measures on arcs I and I@ whose
gap sets are G and G@. Suppose that JLI and J@LI@ are subintervals with endpoints disjoint
from the supports of m and m@. ‚et a and a@ be the endpoint sets of J and J@, respectively. If
150 A. Candel
m(J)"m@(J@), then there is a homeomorphism h :JPJ@ with h(a)"a@ and with h taking mDJ
to m@DJ@.
With all these preliminaries out of the way, we now give conditions on a branched
surface which are sufficient for it to carry a lamination.
THEOREM 4. ‚et B be a branched surface and let ' be a local system on B. „hen, given any
positive element m of H
2
(B; ') there is a lamination carried by B and a projective measure on it
corresponding to m.
First we assume that the branched surface has a branch decomposition with no branch
points and such that the closure of each branch is simply connected. This is achieved by
subdividing all closed branches and then removing small neighborhoods of the vertices
[16]. The local system in B restricts to one in this perforated branched surface, and is such
that the monodromy around the holes is trivial.
We now use the simplicial structure provided by this branch decomposition of B to
represent the element m of H
2
(B;') as
m"+
B
w (b))bM .
For each b3B we can identify b"q~1(b) with a product b]I
b
. Thus each b has a
horizontal foliation with leaves b]t and they agree on the intersections b
0
Wb
1
.
These sets b are like flow boxes and we now reglue them constructing at the same time
the projective measure. On each interval I
b
we put a measure m
b
with gap set [0, w (b)] as
provided by the lemma above.
Suppose we are in the situation of Fig. 1(a). The identification of b
0
and b
1
along the
boundary p is determined by a homeomorphism h : I
0
PI
1
. The cycle condition Lm"0
implies, upon examining the terms involved in the equations, that a
0
w (b
0
)"a
1
w (b
1
). Thus,
the measures a
0
m
0
and a
1
m
1
have the same gap set, so that there is a homeomorphism
k : I
0
PI
1
isotopic to h and taking m
0
to (a
1
/a
0
) m
1
, as desired.
In case of Fig. 2(b) the identification of the three pieces of N (B) is determined by
a homeomorphism h from I
1
XI
2
onto the complement of an open interval inside I
0
. In this
situation the condition Lm"0 implies a
0
w (b
0
)"a
1
w(b
1
)#a
2
w (b
2
) . Consider now the
measures k
i
"a
i
m
i
on each interval I
b*
and let J
1
, J
2
be subintervals of I
0
with
k
1
(J
i
)"a
i
w(b
i
) , (i"1, 2) , and such that J
i
and h (I
b*
) contain the same endpoint of I
bÒ
. Then
there is a homeomorphism k : I
bÇ
XI
bÈ
PJ
1
XJ
2
preserving the measures k
i
and agreeing
with h in the preimages of the endpoints of I
bÒ
.
On each b we take the product lamination determined by the support of the measure
m
b
and glue them using the homeomorphisms just constructed. It is clear that the lamina-
tion carries a projective measure as required.
At this point we have constructed a lamination in an interval bundle over a branched
surface B@LB, transverse to the fibers of the projection q : N (B)PB. This B@ is the
complement of small simply connected neighborhoods of the zero—dimensional branch set
of B. Hence q~1(LB@) is a subset of a cylinder S1]I, and the induced lamination is
transversal to the vertical fibers MxN]I.
Thus, in order to fill in the holes of N(B@) we have to check that the lamination
constructed meets the cylinders q~1(B@) in circles S1]MtN. To show that this is the case, we
need the following fact, a proof of which can be found in [17].
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LEMMA 2. ‚et L be a measured foliation with support in the interior of a cylinder S1]I,
and whose measure has full support. „hen L is a product lamination with leaves S1]MtN.
To see that this applies to our situation, we note that the measure we have constructed
induces one of full support on each of the laminations on the boundary cylinders of N (B@).
Moreover, since the boundary of each cylindrical hole corresponds to homotopically trivial
curves in B, the local system around it is trivial. This means that rescaling the factors of the
projective measures we obtain a transverse invariant measure of full support for
the lamination induced in the boundary of the holes. Therefore the lamination induced on
the holes is a lamination in a cylinder, transverse to the vertical fibers, and carrying an
invariant measure of full support, and the lemma above applies.
There is a class of branched surfaces which always carry a lamination. These are the
ones whose one-dimensional branch set is a disjoint union of circles. In foliation dynamics
they are known as branched staircases [14]. The construction can be done by splitting
the interval bundle along the preimages of the circles in the branch set, giving each
component the product foliation, and regluing. The regluing can be done in several
ways. The best choice is to do it by means of affine mappings between the transverse
intervals. In order to get a projective measure as the one described here for these
laminations, the multipliers of the affine mappings have to satisfy a set of equations, that
is, they should be given by a representation of the fundamental group of the branched
surface into R (and the representation should be trivial on loops not intersecting the
branch set).
However general projective measures may look, they do not always exist. An explicit
example of branched surface embedded in a three manifold which carries an essential
lamination but no nontrivial local system is the following. Let three-manifold M be
a three-manifold of the form M"PS‚(2, R)/!, where ! is a discrete hyperbolic triangle
group of Mo¨bius transformations chosen so that M is a real homology sphere. Because ! is
of hyperbolic type and acts on the unit disc with relatively compact fundamental domain,
M has a foliation with all leaves dense. By inspection, the leaves of this foliation are either
planes and cylinders. Doing a Denjoy-type splitting along a planar leaf we get a nowhere
dense lamination. A branched surface B carrying this lamination can be obtained by
removing a large disk in the gap just created and then collapsing the fibers of a flow
transverse to the foliation. Since N (B) is just the complement of a ball in M, the inclusion
B)M induces an isomorphism n
1
BPn
1
M.
As every homomorphism n
1
MPR is trivial, the only local system that B can carry is
the trivial one. But H
2
(B) has no positive elements because B is orientable and carries no
measured lamination.
In relation to this example there is the question of when the representation
' :n
1
(B)PR
*
of the fundamental group of the branched surface BLM can be promoted to
one of n
1
(M). It may not be possible in general, but if the homomorphism j :n
1
(B)Pn
1
(M)
induced by inclusion is surjective, then we obtain a representation n
1
(M)PR
*
/S, where
S is the image of the kernel of j under '.
A condition guaranteeing that the homomorphism j is surjective is given in the following
PROPOSITION 2. If B is a (connected) branched surface embedded in M whose complement-
ary gaps are handlebodies, then the inclusion B)M induces a surjection at the level of
fundamental groups. In particular, this happens if M is a tiny (i.e., not sufficiently large) three
manifold and B fully carries an essential lamination.
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Proof. Clearly, a loop in M with base point in B can be put in general position with
respect to B, so it breaks up into a collection of arcs in the handlebodies which endpoints in
their boundary which is contained in B. Therefore, they can be homotoped (relative to their
endpoints) so that they lie in B.
The second statement is due to Brittenham (see [2]), who proves that the complement of
a branched surface like that consists of a union of handlebodies.
It is well-known that a transversely oriented measured lamination on a manifold
M defines a dual cohomology class in H1(M;R), which is obtained by integrating the
measure over transverse one-simplices. It turns out that one can define a dual cohomology
class to a transversely oriented lamination L with projective measure m. The difference is
that the cohomology coefficients group may not be the real numbers. To do this, note that
there is freedom in choosing the countable dense subgroup H used in Lemma 1, which is
where the measure of transverse intervals (with endpoints not in the lamination) takes
values on. If we denote by " the multiplicative group image of the local coefficients
homomorphism n
1
(B)PR
*
, then we can replace H by the group consisting of finite linear
combinations of the form h
0
#j
1
h
1
#2#j
n
h
n
, where j
i
3" and h
i
3H. Call this group
H", and let K be the subgroup of H" consisting of those elements of the form (j1!1)
h
1
#2#(j
n
!1) h
n
, where j
i
3" and h
i
3H. In fancier terms, H" is the image in R of the
group ring H["] of " with coefficients in H, and K is the image of the kernel of the degree
homomorphism +h
i
j
i
>+h
i
.
We define c (I)"$m(I)#K3H"/K for a one-simplex I in M transverse to the
lamination and whose endpoints are not in the leaves, and contained in a flow box (and
the sign depends on whether or not the orientation of the simplex agrees with that of the
lamination). Then one extends c by linear combinations to obtain a one-cochain. To see
that c is indeed a cocycle, it is enough to check that c(Lb)"0 for sufficiently small
two-simplices b. Thus, everything reduces to noticing that the branch equations for the
measure can be written as
m@"jm"m#(j!1)m
and
m
0
"j
1
m
1
#j
2
m
2
"m
1
#m
2
#(j
1
!1) m
1
#(j
2
!1) m
2
.
Note that there is, in certain sense, a canonical choice of H, namely the image in R of the
group ring Z["]. In this case, H""H, and H is dense in the real numbers if the
representation ' is non-trivial.
THEOREM 5. A transversely oriented lamination L with projective measure m on a closed
manifold M determines a cohomology class c in H1(M;H"/K), where H, " and K are as above.
Of course, it could well happen that the group H"/K is trivial. For instance, this is the
case if 23", or if H is the group of rational numbers and " is a multiplicative subgroup of it.
On the other hand, for many familiar examples of laminations the cohomology class
above is non trivial. For instance, if the multiplicative group " consists of the powers of an
integer p, then we could take H to be the group of rational numbers of the form a/pn, where
a and n are integers, a and p relatively prime. Then we have H""H, and, if p’2, the group
H"/K is not trivial. These considerations apply to many examples, in particular to the one
in [4] (which is related to those of Sacksteder and of Hirsch, and those coming from
branched staircases).
Other class of examples are those laminations obtained by suspension of pseudo-
Anosov diffeomorphisms of surfaces. With the notation of Example 4, the number j there
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satisfies a polynomial equation P (j)"0, where P is a monic, irreducible polynomial with
integer coefficients, and of degree twice the genus of the surface. We take H to be the
subgroup of real numbers image of the group Z(1/x) of Laurent polynomials in one variable
with integer coefficients (or what is the same, the integer group ring of the integers) under
the evaluation map which takes a Laurent polynomial q (x) to its value q (j) at j. Note that
H" is countable and dense in R: countable because it is a quotient of Z4g~2 and dense
because it contains the group Z#jZ, itself dense in R as j is an irrational number.
Then H""H, and K is the subgroup of H which is the image of the subgroup of Z(1/x)
consisting of those Laurent polynomials q (x) such that q(1)"0. Then one obtains that
H"/K is isomorphic to the group Z/P(1)Z.
Note that the definition of this cohomology class survives when performing Dehn
surgery on the ambient manifold along a simply closed curve which avoids a branched
surface carrying the lamination. Of course, it could be trivial.
The behavior of the laminations constructed from non-trivial local systems resembles
that of exceptional minimal sets of smooth foliations of codimension one. As an example,
the following result is the analogue to Sacksteder’s hyperbolic fixed point theorem [24] for
laminations with projective measure.
PROPOSITION 3. ‚etL be a lamination in a three manifold which has a projective measure
m, but no invariant measure. „hen every minimal set of L has a leaf with contracting
holonomy. Furthermore, if B is a branched surface carrying the lamination and
' :n
1
BPAut
`
R is the local system corresponding to m, then the closed path in the leaf with
contracting holonomy projects to a path a in B such that '(a)(1.
Proof. By taking first a branched surface B and then passing to a double cover of an
interval bundle N (B) containing L, we may assume that L is transversely orientable.
As there are no invariant transverse measures, we know that each minimal set has a leaf
with holonomy. Let a be a closed path in that leaf along which there is holonomy. Let I be
a transverse interval which intersects a in an interior point and has its two endpoints in the
interior of gaps of the lamination. By translating I along a we erect a normal fence based on
the path, i.e. an embedding of the normal bundle to a transverse to the leaves. There are now
two possibilities. One is that it may happen that by sliding I along a both endpoints of
I return to the same gap where they started, which would give us a lamination in the interior
of a cylinder. If '(a)"1, the projective measure will be an invariant transverse measure
when restricted to this cylinder, and this would mean that all its leaves are closed, that is,
a has no holonomy.
The other possible case is when the holonomy transformation along a maps the interval
I into a proper subinterval J of itself. Then m(J) /m(I)(1, the measures taken in the same
branch of B, and this ratio is precisely '(a) .
On the other hand, there are some structural differences between measured laminations
and laminations with projective measure. One of them is that, while a minimal set of a
measured lamination L is open in L (see [17]), it may not be so if L has only a
projective measure. The pertinent example consists of a lamination in an annulus obtained
by suspending a homeomorphism of an interval I where it lies a Cantor set C, and the
endpoints of the interval are also points of C. The homeomorphism preserves the Cantor
set, and its only two fixed points are the endpoints of the interval. The resulting lamination
of I]S1 has two closed circles as leaves, and the others are lines spiraling on them. This
lamination has a nontrivial projective measure of full support. It also has two minimal sets,
namely the two compact leaves, and the measure is trivial when restricted to them.
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As a consequence of Proposition 3 we have the following finiteness of the number of
minimal sublaminations
COROLLARY 2. IfL is a lamination as in Proposition 3, thenL has at most a finite number
of minimal sets.
Proof. Suppose thatL
n
is a sequence of minimal sets ofL. The limit of this sequence of
sets is a closed sub-lamination of L, hence it contains a minimal set, say L
0
. By the
discussion above, L
0
has a leaf with contracting holonomy. Fix a transversal interval
I about a point of this arc so that the holonomy h along the arc is defined on I. Then, for
large n, there are points x
n
3L
n
which meet the domain of the contraction h. The points
hk(x
n
) , k’0, all belong toL
n
, and so their limit point, which is inL
0
, must be inL
n
also.
That is, L
0
"L
n
for n sufficiently large.
7. THE TREE ASSOCIATED TO A LAMINATION
Let L be a codimension one lamination of a closed manifold M. If L has an invariant
transverse measure, one associates to it a real tree with a metric and an action of the
fundamental group by isometries. This is done by Morgan and Shalen [16] in the case of
measured laminations. For the general essential lamination, Gabai and Oertel [9] show
that there is a tree-like object (which they call order tree). This is not exactly a real tree, as its
topology may be non-separated. It also carries an action of the fundamental group,
although the complexity of this structure appears to be beyond our tools at this moment.
Let LI be the lift of the laminationL to the universal covering MI . We assume that the
following conditions hold:
(1) Each leaf of LI is closed in MI .
(2) L is transversely a Cantor set.
(3) Any two points of MI CLI can be joined by a path transverse toL and which crosses
each leaf at most once.
An arbitrary essential lamination may not satisfy neither the second nor the third
condition above. One has the following:
PROPOSITION 4. An essential lamination in a three manifold always satisfies the first
condition above. It can be modified so that it also satisfies the second condition.
The first property is the lamination version of the classical fact about foliations without
Reeb components. Namely, if a leaf is cut twice by an oriented transversal then we find
a closed-loop transverse to the lamination. As MI is simply connected, this loop spans a disc,
which we may assume to be transverse toLI . But then the leaf does not get out of the disc, so
it accumulates inside. The limit points must be points of the leaf because of (2). But this
means a leaf accumulates to itself. This can be seen to contradict (3) or the fact that leaves
are proper submanifolds.
The modification referred to in the last proposition is called splitting in [9], and is an
adaptation of Denjoy splitting of the irrational flow on the torus.
However, the third property does not follow from the definition of essential lamination.
Since it will be crucial in order to construct a tree, we introduce the following definition:
LAMINATIONS WITH TRANSVERSE STRUCTURE 155
Definition 1. An essential lamination is said to be pure if it satisfies the conditions (1)—(3)
listed above.
The reason for introducing this more refined concept is the following. Essential lamina-
tions were created as a generalization of incompressible surfaces and taut foliations. The
relevant purity conditions (that is, (1) and (3)) hold in these two cases. Moreover, the concept
of measured lamination has been highly successful in low-dimensional topology, mainly
because of its connection with actions on trees. We will show later in this section that
measured laminations contain pure sublaminations. The concept of pure lamination is
related to that of ‘‘tight’’ lamination which appears in Gabai’s paper [8]. In fact, granted
conditions (1) and (2), an essential lamination is pure if the topology of its associated order
tree is separated. It is an open and interesting problem to prove or disprove that an essential
lamination can be improved to a pure one. Perhaps transverse orientation is a sufficient
condition for a positive answer
We now show how to get a tree from a pure lamination. Let Q be the collection of
components of MI CLI . Given two elements q, q@ of Q we consider arcs from p to q. An arc
transverse to LI defines a segment for „. The missing points come from non-boundary
leaves of LI . This gives a local structure which after completion is homeomorphic to an
interval in the line. By property (3) of pure laminations, given any two points in this pre-tree
object, there is a transverse segment, meeting each leaf at most once, joining them. In order
for it to be a tree we must show uniqueness of segments. But this is a consequence of the fact
that leaves in the universal cover are closed, so that there is exactly one efficient path
between any two points. Since the action of the fundamental group on the universal cover
permutes leaves and complementary components, we obtain an induced action on the tree.
In the case that the pure lamination also has a projective measure we are able to add
some more structure to the tree and the action. This is contained in the following theorem.
THEOREM 6. ‚et L be a pure lamination of M carrying a projective measure. „hen the
associated tree „ has a piecewise linear structure. „he action of n
1
(M) on „ is by piecewise
linear homeomorphisms.
The proof of the theorem goes as follows. We denote by B the branched surface carrying
L and the projective measure m"Mm
b
N. Let BI and N(BI ) be the lifts to MI of the branched
surface B and its associated interval bundle N(B) . Coordinate charts for „ are given by arcs
transverse to LI meeting every leaf in no more than one point. Let a be such an arc whose
endpoints a and b lie in the complement of N (BI ) . Then a will meet N(BI ) in a sequence of
vertical arcs, say I
1
, I
2
,2, Ik , as we travel from its initial point to its final one, and on each
arc I
i
we have a transverse measure m
i
. The path a defines a segment Sa in „, and
coordinates for it are given by the map
ha : c3Sa>m1(I1)#2#mi~1(Ii~1)#P
r(c)
ai
m
i
if c represents a point of „ in the image of the arc I
i
. The last integral is to be interpreted as
follows: if c represents a gap, then r (c) is a point in the interior of such gap, and one
integrates the measure m
i
over the interval [a
i
, r (c)) , and if it is not a gap, the integral is the
supremum of integrals of m
i
over intervals [a
i
, r (c
n
)) , where c
n
is a sequence of gap points in
I
i
monotonically increasing to c (in the order given by a).
To see that coordinate changes are piecewise linear maps, we only need to consider the
situation described by transverse arcs a and a@ as in Fig. 3. We have measures m
i
on the
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Fig. 3. PL coordinates.
transverse arcs I
i
(i"0, 1, 2) through N(BI ) which satisfy a linear equation
m
0
"j
1
m
1
#j
2
m
2
. Coordinates for „ using a are given by the map
h : c3a>P
c
a
m
0
and from a@ we get
h@ : c3a@>P
c
a{
m
1
if c(* and
h@ : c3a@>P
*
a{
m
1
#P
c
*
m
2
otherwise. It follows from the linear relation satisfied by the measures m
0
, m
1
and m
2
that
the coordinate change ha{h~1a is clearly a piecewise linear map.
The proof that the action of the fundamental group of M on the tree is by piecewise
linear homeomorphisms is similar, using, if needed, the following basic fact.
LEMMA 3. „he fundamental group n
1
(M) has a system of generators which may be
represented by loops transverse to L.
Next we discuss some conditions on an essential lamination which imply the property of
being pure.
PROPOSITION 5. ‚et L be an essential lamination on M. If L is minimal and has
a transverse invariant measure of full support, then L is pure.
„o prove this, it will be useful to fix a Riemannian metric on M, and a transverse line field
to the lamination. Let R
1
and R
2
be two gaps of LI which cannot be separated by an
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efficient arc. Let l
1
(respectively l
2
) be the boundary leaf of R
1
(respectively R
2
) separating
R
1
from R
2
. These two leaves bound a region R in MI which could contain leaves separating
R
1
from R
2
. But by replacing these regions by others in R, we may assume that no leaf
in R separates then.
This implies that any e-neighborhood of l
1
(with respect to the lifted metric) meets other
leaves of the lamination, but contains none of then (i.e., leaves approach l
1
along some
direction, and pull away from it along others). Therefore, we can find a path a (proper
embedding of a line) at e-distance from l
1
and meeting leaves on the left of l
1
transversely,
and which is an e-normal translate of a path b in l
1
along the vertical line field. We now
project these paths to M. By compactness, if b is not a closed path it would pass arbitrarily
close to itself at some point. This gives us a closed path in a leaf because of the minimality
assumption. A normal displacement of this path is approximately the projection of the path
a, which meets nearby leaves transversely (cf. [19] for a related argument in the context of
foliations). But this means that the lamination has holonomy.
Other conditions ensuring that a lamination is pure are related to its dynamics, as we
now describe. To begin with, we note
PROPOSITION 6. IfL is a pure lamination which is minimal and has more than one leaf, then
the action of n
1
M on the associated tree is minimal.
Proof. The hypothesis imply thatL is contained in the closure of each one of its leaves,
and also in the closure of each one of its gaps. Let x be a point of „. We have to show that
the orbit of x in „ meets every open arc of „. An arc of „ is determined by two distinct
points, say a and b. On MI , the points a and b determine an open saturated (i.e., union of
leaves and gaps) subset, which can also be described as the interior of the union of all gaps
and non-boundary leaves meeting an appropriately chosen efficient arc on MI . The point
x represents a gap or a non-boundary leaf of L, say R. Take a small open set in R(a, b)
which meets the lamination, and which projects homeomorphically to M and meets every
leaf ofL. The projection of R to M must also meet this open set, hence there are translates
of R in MI meeting R (a, b).
Even if the lamination is not pure, one has a notion of minimality by considering the
action of n
1
M on the gaps and leaves of the covering lamination LI in MI , or on the order
tree constructed by Gabai and Oertel. We see that ifL is pure, then every element of n
1
M
can be represented by an efficient loop (which could be contained in one leaf). Conversely,
we have
PROPOSITION 7. ‚etL be a minimal essential lamination in M with more than one leaf and
nowhere dense support. Suppose that the set translates of every gap ofLI by efficient elements
of n
1
M is dense in M (equivalently, for each gap point of the order tree, its set of translates by
efficient loops is dense). „hen L is pure.
Indeed, the condition on the efficient elements of the fundamental group of M implies
that if R is a gap of the lifted laminationLI , and if g is a covering transformation induced by
an efficient element of n
1
M, then R and gR can be joined by a transverse path intersecting
each leaf at most once. Let now R
1
and R
2
be arbitrary gaps of LI , and let l
1
, l
2
be the
boundary leaves of R
1
and R
2
separating them as in Proposition 5. These two leaves bound
a region R in MI , which, because of the minimality and nowhere dense support of the
lamination, must contain leaves and gaps arbitrarily close to R
1
(and to R
2
). The fact that
the lamination is essential implies that one can find transverse arcs from R
1
to regions inside
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R arbitrarily close to it, and meeting each leaf in at most one point. By hypothesis, we can
also find transverse arcs from R
2
to gaps in R passing arbitrarily close to R
1
. Therefore,
R
1
and R
2
can be separated.
These dynamic conditions of the proposition could be replaced by static ones involving
an essential branched surface B carrying the lamination. Indeed, they are related to the
possibility of crossing between complementary regions of N (B) through efficient arcs.
To conclude this section, we would like to mention that the construction of a piecewise
linear action from a pure lamination with projective measure can be related to a theorem of
Ghys [12] and to a question we asked in [8], namely, what is the meaning of Dehn surgery
on an action of a group on a tree? Ghys’s theorem is the following:
THEOREM 7 (Ghys [12]). ‚et u :!PGLDiff (S1) be a representation of the fundamental
group of a closed surface S induced by the choice of a metric of curvature !1 on it. „hen there
is an orientation preserving homeomorphism h of S1 such that h ° u(c) ° h~1 is a piecewise affine
homeomorphism of the circle with slope the power of a fixed positive real number.
To see the relation with our projective measures, it is perhaps worth recalling that his
proof is based on the fact that the unit tangent bundle M of S has a transversely projective
foliation given by suspension of the representation, and this foliation can be obtained by
performing Dehn surgery on a surface bundle whose monodromy is given by a pseudo-
Anosov diffeomorphism which leaves invariant a foliation, and expands an invariant
measure of it. Thus, this theorem illustrates several of the examples in Section 3. It also
illustrates how the tree changes topologically under Dehn surgery, which after all is an
operation in the fundamental group. Dehn surgery is a topological operation on three
manifolds, but it can also be defined in finitely generated groups as follows. Suppose that
! has a presentation of the form Sg
1
,2 , gk, a, b D r1,2T, where a, b are the generators of
a rank two commutative subgroup of !. If p, q are integers, the group !
pq
"
Sg
1
,2, g
k
, a, b D apbq, r
1
,2T obtained by adding the relation apbq to the presentation of
! is said to be obtained by p/q-Dehn filling of !. It should be interesting to study the
properties of this formal construction.
The relation of pure laminations with projective structure to Ghys’ theorem is that
doing surgery on a loop lying on a gap of the lamination does not alter the transverse
structure. There is, of course, the question of whether the lamination remains pure or
essential. If we already know that the surgered lamination is essential, then the purity
condition can be put in a dynamics context as follows. Let M containL, a pure lamination,
and let a be the loop in MCL where surgery is to be performed. Let P be the complement of
a tubular neighborhood of a, and let N be obtained from P by filling along a. Then L is
a pure lamination of P and its has an associated tree „
P
where n
1
acts. IfL is essential in N,
then we associate to it the order tree. The inclusion map PPN indices a n
1
-equivariant
map PI PNI , and since this map takes gaps to gaps, leaves to leaves, and preserves the local
transverse order, it induces an open surjection „
P
P„
N
. It follows that L will be pure in
N if the orbits in „
P
of the kernel of n
1
Pn
1
N (i.e., the normalizer of a) are closed.
In many cases one can check directly that this is so. For instance, with regard to the
example of suspensions of pseudo-Anosov homeomorphism f :SPS, the lamination L of
M (obtained by suspension of one of the geodesic laminations of f ) is pure, its tree being that
of the geodesic lamination on the surface S. Suppose that a is a closed loop in M of the form
mplq, where l is a curve described by the orbit of a point in a gap in S, and m is a circle in the
gap enclosing that point. In [9], Gabai and Oertel give conditions on a which guarantee
that the lamination remains essential in the manifold obtained by surgery on a. In
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particular, their theorem applies if p*1 and the gap of S containing the point describing
a is at least a trigon. We leave to the reader the task of verifying that the lamination is also
pure, the reason being that, while l may be contracting at some points of „
P
, m acts like
a rotation (or translation), so it nullifies the action of l.
8. BUILDING LAMINATIONS FROM ACTIONS ON TREES
We first recall some definitions. Let M be a manifold and „ a tree. A map f : MP„ is
called transverse if each point x of M has a neighborhood” homeomorphic to Dn~1]I and
such that f D
U
"h ° p, where p :Dn~1]IPI is the projection and h : IP„ is a straight path
in „.
Let M be a closed irreducible three manifold whose fundamental group n
1
M acts on a
tree „ through a representation o : n
1
MPHomeo(„ ). We are going to construct a codi-
mension one lamination on M dual to this action. The construction is the usual suspension.
If MI is the universal cover of M, then n
1
M acts on MI ]„ as
c(xJ , t)"(cxJ , o (c) (t)).
This action of n
1
M preserves the product lamination of MI ]„ with leaves MI ]MtN, so that it
descends to a lamination of the quotient space Q"MI ]„/o. Thus Q is a lamination whose
leaves are covering spaces of M, and such that transversally is locally homeomorphic to „.
The space Q is a foliated bundle with fiber „ and base M. To construct a lamination on
M we take a section of QPM which is transverse (as in the definition above) to the leaves of
Q. That a section exists follows from the fact that „ is 1-connected and M is an Eilenberg-
McLane space K (n
1
M, 1). The section will have singularities but we can always deform it so
that singularities occur only at branch points of „. Notice that the action of n
1
M on
„ permutes branch points. Thus far we have a foliation with singularities on M. Applying
the Denjoy splitting technique up process to the singular leaves, a laminationL is obtained.
Now we should verify that the tree associated toL and the action of n
1
M are the same we
started with. The point is that we have split the original tree at branch points, this was when
blowing up singular leaves, thus when introducing complementary regions for L.
This construction can be done in a different way, by constructing a transverse map from
MI to the tree, proceeding by induction over triangulation of the manifold. This is the
description that one finds in [17].
9. PROPERTIES OF THE FUNDAMENTAL GROUP
In this section we will comment on growth properties of the fundamental group of
a three manifold with a lamination. First we note that one can adapt the method of Plante
[22] to show that if a three manifold carries an essential lamination without invariant
transverse measure, then its fundamental group has exponential growth.
THEOREM (Plante [22]). „he fundamental group of a closed three manifold with an
essential foliation without transverse invariant measure has exponential growth.
This was also observed by Moussou and Pelletier, but Plante’s proof is more topologi-
cal. Plante proved the result for transversely orientable foliations. To carry the proof over to
the case of essential lamination one has to do some modifications which we leave to the
reader.
In [6], Evans and Moser listed the fundamental groups of the non-sufficiently large
Seifert fibered three manifolds. These manifolds are circle bundles over an orbifold, which is
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a sphere with three cone points. Their fundamental groups are central extensions of triangle
groups of Mo¨bius transformations. If the triangle group is of hyperbolic type, then one
constructs a foliation from the description of the manifold as PS‚(2, R)/!. If the triangle
group is of spherical type, then the manifold has fundamental group of polynomial growth.
Since an essential lamination in a non-sufficiently large three manifold has every leaf of
exponential growth, it follows that this Seifert spaces do not carry essential laminations.
This result has also been proved by Brittenham [1] by other methods.
Evans and Moser also proved the following dichotomy for the fundamental group of
a compact sufficiently large three—manifold: either it is solvable or else it contains a free
group on two generators.
Suggested by the above, and by the results of Solodov [25] (taut foliations) and of Culler
and Morgan [3] (group actions by isometries on trees), we will discuss the existence of
non-commutative free groups in the fundamental group of a tiny manifold M with a pure
lamination L. The results of [25] and [3] are based on a technique called the ping-pong
lemma, and here it will be applied to the action of the fundamental group of M on the tree
„ associated to the lamination.
We may assume that the lamination is minimal, because being pure is a property
inherited by passing to sublaminations, and M being tiny implies that L has no compact
leaf. This guarantees that the action of n
1
(M) on the tree is minimal, in particular, the orbits
of points corresponding to gaps are dense in the tree.
We let B be a branched surface fully carrying L, with corresponding interval bundle
N(B), and note the following lemma, whose proof is implicit in [9]
LEMMA 4. If R is a gap ofL or of the branched surface B, then n
1
R injects into n
1
M under
the inclusion map RPM.
In [2], Brittenham proves that the gaps of an essential lamination of a tiny three-
manifold are handlebodies. Therefore, by the lemma, we may assume that the handlebodies
appearing in the situation at hand are balls and solid tori.
The balls can be eliminated by simply filling them in, because with the sutured manifold
structure they receive from N (B) and the lamination, they are a product (disk)](interval),
with the top and bottom discs being part of the leaves.
The gaps which are tori have a sutured manifold structure given as a quotient of an
(n-gon)](line) modulo a homeomorphism which is a rotation by angle 2nk/n in the n-gon
direction, and a translation along the line direction, the vertices of the n-gon describing the
suture, the edges corresponding to the horizontal pieces of leaves.
There are now two possibilities to consider. One is when the tree associated to the pure
laminationL is not homeomorphic to the real line. This means that there is a branch point,
that is, a gap whose lift to the universal cover has more than two boundary components. In
this situation, we will show that n
1
M contains a free non-commutative group by using what
is usually known as the ping-pong lemma (see [3] for example). More precisely, we will
show that there is a figure X in the tree with the properties in the hypothesis of
LEMMA 5 (Ping-pong). ‚et „ be a tree and let X be a closed subset of „ formed by two
closed segments which intersect non-trivially on an arc in the interior of both. ‚et r
1
,2, r4 be
the four boundary points of X. If a and b are homeomorphisms of „ such that a (r
1
)"r
2
and
b(r
3
)"r
4
and a(X)WX"r
2
, b(X)WX"r
4
, then a and b generate a free non-commutative
group.
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Fig. 4.
Proof. The argument proceeds as in [3], by induction on the length of words in a, b, one
shows that each translate wX is contained in one of the components of „CX (and so it is
disjoint from X), the hypothesis ensuring the first induction step. Denote by P, Q, R, and
S the components of „CX as in Fig. 4. We show that if w is a reduced word in a and b of
length greater than 1 then wX is contained in one of P, Q, R or S, according to the first letter
of w being a~1, b~1, a or b. Then we see that a(Q)LR, a (P)LR and a (R)LR and similar
relations for b, etc. If w is of the form w"ak, then k does not start with a~1. By induction
kX is contained in the union of Q, R and S, so that wXLR. The other cases are similar.
Hence, the union of the translates of X by the action of the group generated by a, b is
a subtree „@ of „, and by the properties just established, a and b generate a free group of
rank two.
Continuing with the tree associated to our lamination, because there is no transverse
orientation hypothesis, two possible cases will naturally appear (Fig. 4). We fix a toroidal
gap R, and inside it the base point of M. If this gap is obtained from an (n-gon)](line)
modulo a homeomorphism whose rotation component is trivial, we can easily construct
a figure X in „ as follows. One starts inside R and moves to one boundary leaf, following it
until in comes to a vertical fiber of the interval bundle over one of the other leaves in the
boundary of R. Once there, one moves inside R closing up an efficient loop, say a. Since
there is at least one other horizontal boundary component in R, a second loop b can be
constructed. The figure X in „ is formed by fixing a point r in „ corresponding to R, and
taking the bounded region determined by the points aB(r) and bB(r) . This figure X and the
transformations a2, b2 satisfy the ping—pong lemma hypothesis.
If none of the gaps is like the one just considered, then the rotation component of their
defining homeomorphisms is non-trivial. Working in MI , we can find, because of the
minimality assumption, enough translates R
i
(i"1, 2, 3, 4) of a fixed gap R in order to
construct a figure X in „, as well as covering transformations a and b taking the
corresponding end points r
1
and r
2
of X to r
3
and r
4
(respectively). But it may well happen
that a(X) does not meet X exactly in r
2
. If this happens, that is, if the image by a of the germ
of segment from r
1
towards r
3
is the same as that of the segment from r
3
to r
1
, we recur to
the fact that the stabilizer of r
3
in „ effectively permutes the germs of segments emanating
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from r
3
, and so there is a covering transformation o represented by an element of n
1
R, such
that the composition oa translates X to another set meeting it in exactly the point r
3
. If
needed, we do the same with b at the point r
4
. Therefore X and this new transformations fall
under the hypothesis of the ping-pong lemma.
This proves the existence of free groups when the tree has branching. However, if the tree
is homeomorphic to a line, it may not be possible to get a free group in two generators. Still
something more can be said about the structure of a pure lamination on a tiny three
manifold in this situation. First, from the lemma at the beginning of this section, we have:
PROPOSITION 8. If the fundamental group of the tiny three manifold M has no non-
commutative free subgroups, then the pure lamination extends to an essential foliation.
Proof. First we extend the lamination to a foliation of an interval bundle N (B) asso-
ciated to a branch surface B fully carrying the lamination. As we have already said, the gaps
are either balls and tori. The sutured manifold structure of the balls allows us to fill them in
with a product foliation. Since the tree is a line, the toroidal gaps have a sutured manifold
structure whose universal cover is of the form (2-gon)](line). Therefore the foliation on the
vertical part of the boundary of N (B) can be extended across to a full foliation of M.
Therefore, we are in the position to apply the results of Sodolov [25] to obtain a free
semigroup in two generators. One denotes by F the collection of elements of n
1
M that have
a fixed point on the tree. Then, if n
1
M has no free semigroup in two generators, F is
a normal subgroup of n
1
M. Furthermore, the quotient n
1
M/F is a free commutative group
(has an commutative subgroup of index two if the lamination is not transversely orientable),
and nontrivial because there are elements in n
1
M which fix no point of the tree. Therefore,
there is a surjective homomorphism n
1
MPZ, which is impossible if M is a tiny three
manifold.
In conclusion:
THEOREM 9. „he fundamental group of a tiny three manifold with a pure lamination and
whose associated tree is not a line contains non-commutative 2-generator free groups. If the
tree is a line the fundamental group has a free semigroup in two generators.
Note that the existence of free groups for manifolds included in the first statement did
not make use of the fact that the manifold was tiny or that the leaves had commutative
fundamental group, but only that the lamination was minimal with more than one leaf, and
that the tree had branching.
On the other hand, the property of being tiny was used to reach the conclusion of the
second part of the statement. These manifolds which are tiny and have associated tree
homeomorphic to a line have another type of transverse structure, namely that given by the
order of the line. We conclude this paper with a couple of observations about this. In what
follows, M is a tiny three manifold and L is a pure lamination whose associated tree is
a line. We than have a representation of n
1
M in the group of homeomorphisms of the line.
After passing to a subgroup of index at most two, we may assume that the image ! of n
1
M is
by order-preserving maps.
The first proposition shows that the action of ! on R is essentially complicated. More
precisely,
PROPOSITION 9. ‚et L be a pure lamination of a tiny three manifold M. Suppose that the
tree of L is a line, and that the image ! of n
1
M in Homeo (R) is by order-preserving
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homeomorphisms. „hen there are non-trivial elements of ! whose set of fixed points is
unbounded.
This is a corollary to a basic fact in the theory of ordered groups due to F. Levi [7],
which asserts that the commutator quotient !/[!, !] of a finitely generated group with an
invariant linear order is infinite, and to the extension of Sacksteder’s theorem proved in
section 5, which guarantees that ! is non-trivial in the absence of invariant measures forL.
If the set of fixed points of every non-trivial element of ! was bounded, then we can
define a left-invariant linear order by setting a(b whenever a(x)(b (x) for all sufficiently
large x in R. But if all elements of ! other that the identity had a bounded set of fixed points,
then the order would also be right-invariant. By the result of Levi, this would imply that
H
1
(M;Z ) is infinite, a contradiction.
The second curiosity applies to those laminations of tiny manifolds all whose leaves
have commutative fundamental group. The observation is that that their fundamental
group has a property asked for in Knot Problem N of Neuwirth [18].
PROPOSITION 10. ‚et M and L be as in the previous proposition, and assume that the
leaves of L have commutative fundamental group. „hen n
1
M admits a left-invariant linear
order.
First note that every cylindrical leaf inLmust have non-trivial holonomy. Indeed, if a is
a loop generating the fundamental group of a cylindrical leaf l having no holonomy, then
we erect a normal fence F"a]I along a. Since every leaf of a pure lamination must
approach itself on at least one side, this leaf l will cross F. The absence of holonomy means
that it meets F in circles parallel to a. We can choose a sequence C
k
of this circles which
approach a and increase to infinity in the leaf l be a sequence. Each C
k
bounds, together
with a, a compact region D
k
in l. The area of these regions (with respect to some
Riemannian metric) increases to infinity, while the length of their boundaries remains
bounded. These means that MD
k
N is an averaging sequence, giving rise to an invariant
measure forL. The reader can find more details on averaging sequences in [13], as well as
a general theorem generalizing this example. A similar argument applies to the gaps, as
these are bounded by two parallel planes or two parallel cylinders.
It then follows that every cylindrical leaf of L has holonomy. On the other hand, by
a theorem of Hector and of Epstein, Millett and Tischler (see [5] ), a compact lamination
always has leaves without holonomy. Hence L has planar leaves. This implies that the
representation of n
1
M in Homeo
`
(R) is faithful, for if a is a loop in M whose image
homeomorphism fixes every point of the line, then a is freely homotopic into a planar leaf or
gap, hence homotopically trivial in M.
Therefore, to define a left-invariant linear order on n
1
M, we only need to take a point of
R representing a leaf (or gap) ofLI covering a planar leaf (or gap) ofL, and give n
1
(M) the
order of its orbit in R.
For the reader that wonders what this is good for, we mention the following:
COROLLARY 3. If M andL are as above, withL transversally oriented, then the group ring
Z(n
1
M) has only trivial units.
The proof of this, which is a generalization of an argument of G. Higman, can be found
in [21]. As is well-known, that the group ring of n
1
M has only trivial units is a necessary
condition for the vanishing of the Whitehead group …h(n
1
M) .
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